Lesson 1t Analyzing a Graph

lane throws a baseball from a second floor window. At the same time, Kevin kicks a soccer ball from the

ground below the window. The graphs of the height of each ball in terms of time ¢ seconds since Jane threw
the baseball are shown helow.,

This is the
vertex.

Height (meters)

%f This is the
% point of
s o, o intersection.
: §’E:«‘~(§u6§-§}i}
0 1 e ¥ 4 & £ 7 &

Time (seconds)

a. According to the graphs, what type of function is being modeled?

The height of the baseball appears to be modeled by 0 quadratic function, The height of the soccer
ball appears to be modealed by o guodrovic function gs well,

b. What are some key features of the graphs of these functions?

The vertex of the baseball graphis (2, 35), and the x-intercept point is (4. 65, 0}, The y-intercep:
point of the boseball graph is (0, 15). Both graphs open downward, which means the vertives ore
maximum points. The soccer ball groph includes the arigin. The vertex of the soccer balf graph
appears 10 be neor the point (7, 18).

c. Wil the two balls ever be at the same height at the same time? If so, when and at what height?

The intersection point hos cocrdinates (4, 15). The two bolfs will be grthe seme height,
15 meters, o 4 sevonds,
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Create a function to model the height of the baseball. Use the data points fabeled on the graph to
Create a precise mode! for the ball’s height,

Use the vertex form of o quadratic funciion to write the eguotion.
Fxy=a{x—h¥ +k

From the groph, the vertex is (2,35),s0h = 2and k = 35. Use the point {4, 15) to substitute
into the function to find o,

15 =a(4 - 2)% + 35

15 = 4g 1 35
~20 = 4o The value of a is negative, which
;%E - ff'f means the graph of the function
4 4 will open downward.
—5=g

\.

flx)y = -5{x - 2)% + 35

Which ball is traveling faster on the interval [2, 4]? Show work to support your answer.

Basebalf:

Fd — (2 _15-35 _ —20
4-2  4-2 2

| find the average rate of change for \
both functions to estimate which ball is
traveling faster from 2 to 4 seconds.

The negative sign tells me whether the

= -10

Soccer ball: ball is moving up or down, which does
g4y — a2y 15-9 & not affect the speed. )
4-2 G-z 373

On the time intervol [2, 4], the average rate of change for the basebail is — 10 meters per second,

and the average rote of change for the soccer beitis 3 meters per second. Therefore, the baseball
is troveling faster than the soccer balf during this time interval.
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Lesson 2: Analyzing a Data Set

A Quadratic Data Set

1. Use the table shown to the right to answer the following questions.

a.  Determine the function type that could be used to model the data set, and explain
why.

The first differences are not constont which means the function is not linear, The
second differences ore constant which means this dovg set could be modeled by
& guadratic function,

First Differences: Second Differences:
iZ2-21=-9

5—12=-7 =T = (—9) = 2
§—5=-=5 “5-{-71=2

The first differences are increusing by 2 each time x incregses %//

This Is the minimum value for the function because of
the symmetry of the graph of a quadratic function. |
can see that x = 2 is the axis of symmetry.

Complete the data set using the patterns you described in part (a).

if the first differences ore Increasing by 2 ond this pattern continues, then the differences in order
would be -9, -7, -5, ~3, —1, 1, 3, ete. Thus to get the y-valuye when x = 3, add 1 to —4. The
missing valye is —3.

If it exists, find the minimum or maximum value for the function model. If there is no minimum or
maximum, explain why.

Minimum pointis (2, ~4). The minimum value is —4.

! recall that the minimum or
maximum value is just the
output value.

Lesson 2: Analyzing a Data Set
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2. Use the table shown to the right to answer the following questions.

a. Determine the function type that could be used to model the data set, and explain why.

The first differences show thot the function is iinegr with o constoni

difference of —2. 3
First Differences: The y-values are ‘\.,-—7
g—1i=-2 decreasing by 2 units for —2

every 1 unit increase in

7-9=—2 the x-values.

| can fill in the missing v-values
by subtracting 2 from the
previous y-value. 3

N
0-0-- -

b. Complete the data set using the special pattern of the function you described in part (a).

if the first difference is —2, then the missing volues are 5, 3, ond — 1.

c. Ifit exists, find the minimum or maximum value for the function model. If there is no minimum or
maximum, explain why.
There is no minimum or moximum volue for a linear function with o nonzero slope whose domain

is gff real numbers. For this function, the y-volues decrease us the x-values increase for ol
x-vglues in the domuain of the function,

4 Lesson 2: Analyzing a Data Set Eu REM
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Lesson 3: Analyzing a Verbal

This a uniforim rate. | know these
situations are modeled by linear
functions. The rate is the slope.

A Verbal Description for a Linear Model

1. Dan started running 2 miles from his house at a constant speed of 6 mph on a straight road.

a.  What type of function would best model Dan’s distance from his house while he is running?

A fineor function would be the best modei becouse his distonce is chonging ot g constant rote.

b.  What function represents Dan’s distance from his house in miles as a function of the number of
hours he has been running?

F{x) = 2+ 6x where f{x) is the distance in miles from Dan’s house after x hours of running since
he ws T miles from his house.

[ | need to explain the meaning of my variables.

¢.  If Dan wantsto run to his friend’s house, which is 10 miles down the road from his house, how long
will this take if he maintains his constant speed?

Solve the eguotion f(x) = 140, f(x) represents the distance from Dan’s house in
miles after rurining far x hours since he was 2 miles

from his house, so | need to make it equal to 10.

Fi

Thesoltionto2 +6x = 10y = —;‘#

: 1
it will toke Doan & 3 fours, or 1 Bogr and
20 minutes, to get to Bis friend’s house.

A Verbal Description for an Exponential Mode!

2. Eduardo works for a technology start-up. During the first 24 manths, the revenue increases by 5% per
month. At the end of the first month, the technology start-up has $2,500 in revenue.

a.  What type of function would best model the revenue at Eduardo’s company?

An exponentiol function would be the best mpdel becouse each
month the revenue increnses by o percentage of the previous
mont's revenue.

A percent increase or
decrease indicates an
expenential function.

EUR&K ﬁ Lesson 3 Analyzing a Verbal Description 5
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b.  What function represents the revenue at Eduardo’s company as a function of the number of months
since the business started?

fin) = 2500(1. 05y 1 luse n — 1 because the first month must
where f (1) is the revenue at equal 2,500 when | substitute 1 for n.
the end of the n” month, \

€. How much revenue was earned by the end of the 24" manth?
Evoluate F(24).
F(24) = 2500(1. 0524 ~ 7678.81

The compony earned approximately §7, 678 81 in revenue by the end of the 24 monsh,

When an object hits the
ground, the heightis 0 ft.

A Verbal Description that Leads to a Quadratic Model

3. A model rocket is launched from a 20-foot platform upward into the air. it hits the ground 8 seconds
later. '

a.  What type of function represents this situation?

A quedratic function represents the situgtion because it is describing projectile motion.

b.  What was the initial velocity of the rocket?

The function, f(t) = — 168 + vyt + 5, where vy is the initial velocity in feet per second and sy is
the initiol height in feet, models the height of o projectile in feet ofter £ seconds.

. 2
| learned about this 0= -16(8) +vy(8) + 20
function in Module 4. Use 0 =-16(64) + 8Byy + 20

~16 when measuring the 1024 ~ 20 = By
height in feet. 1004 I substitute the values |
g Ve know into the equation

and solve for 1.

The initiol velocity vy is 125. 5 Ft/sec,

€. What function models this situation?

f{8) = —16t° + 125 5¢ + 20 where J(t)is the height in feet above ground after t seconds.

& Lesson 3: Analyzing a Verbat Description EUREKA
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What is the maximum height attainad by'the rocket?

The x-voordinote of the vertex of o gquadrgtic function of the form
b

fix)=ax* +bx+cisx= -

Za
en . i255
g=—3fandb=125550x = ey 2924875
The moximum helght s F{3 921875,
f(3.921875) ~ 266.1
The moximum helght is obout 266. 1 feet,
lesson 3: Analyzing a Verbal Description 7
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odeling a Context from a Graph

iesson 4:

Writing an Algebraic Function from a Graph

The graph shown below models the height and the horizontal distance a football has traveled since it was
released by the guarterback.

E

¥
30 5 (47.5,27.5625)
3
o]
20
&
Srer
S
e
e
Ry
W18
T
(100, 0\
f e 20 40 60 80
Horizontal Distance (ft) '

1. Write a quadratic function to model the path of the football.
the vertex is (47.5,27.5625). Use the vertex form of a guadratic function to write the equation.
fix)=alx—R*+k
f(x)=alx —47.5)* + 27.5625

Use the coordinate point (0, 5) to determine the value of a. \\
When | know the

vertex and at least
one other point on
the graph of a
gquadratic function, |
can write the function

in vertex form. /

Substitute O for x ond 5 for f(x), and solve for a.

5= a{(0-47.5)% + 27 5625
5= a(-47.5)* + 27.5625
~22.5625 = 2256.254
~3.01=ua

The quedratic function is f(x) = —0.01(x ~ 47.5)2 + 27 5625,

b4 Lesson 4: Muodeling a Context from a Graph EuREK A
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How high was the football when it had traveled a horizontal distance of 20 feet?
Evalunte F{20).
F20) = ~0.04(20 — 47.5)% + 27.5625 = 20

When the footboll hod troveled 20 feet horizontally, it wos 20 feet in the gir.

How far had the football traveled horizontally when its height was 25 feet?

e th ion £ = 25 | need to subtract

Soive the equotion f(x) = Z5. 27.5625 from
25 = -8.01(x ~ 47.5)% + 27. 5625 both sides of the
When | take the ~2.5625 < —0.01(x — 47.5)2 egquation and
square root, there | _ 3 divide both sides
. . 256 20 = [x — 47 %)
will be 2 solutions. by —0.01, /
V256,25 =2~ 47. 50r —V256.25 = x — 47.5

x =475+ V256.250rx = 47.5 - ~256.25

The opproximate solutions are 63.5 end 31. 5.

When the foothall is 25 feet in the air, It has troveled approximately 31. 5 feet ond 63.5 feer
horizontoily from where it wos thrown.

{ can see from the graph that there
will be two horizontal distances that
correspond to a height of 25 feet.

Suppose the football on average traveled 22 feet horizontally for every second it was in the air. How lohg
was the football irv air?

This is o proportignol relationship,
228 = 100

o109

T oz2

I need to divide 100 feet, the total
horizontal distance, by 22 feet/second.

The solution to this equotion is 4. 54, That means it fukes obout 4. 5 seconds For the footbull to trovel
horizontolly 100 feet,

Lesson 4 Muodeling a Context from a Graph o
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Lesson 5 Modeling from a §§5@mﬁ£@

Find a function/formula that represent the nt? term of the seguence described in each situation,
Modeling a Situation with an Arithmetic Sequence
Maria Is starting a new running program. She decides to increase her weekly mileage by 0.5 miles per week.

1. Maria starts by running 6 miles during the first week. Complete the table below to show her total
mileage each week. :

' Week | Total Miles for the Week |
1 6
2 5.5
3 7
4 7.5
5 8
6 85

2. Write a function that models Maria’s total miles for each week as a function of the number of weeks she
has been running.

f(n) = initial distance + (r — 1) (commen difference) where f (1) is the total number of miies
for the week after n weeks.

The initial distance is 6 miles. The common difference is 0.5 miles. The function is
finy=6+(m—1) 0.5

3. Suppose Maria usually runs 4 times per week. What is her average distance for a single run during the
tenth week?

During the tenth week, she will run 10. 5 miles,
FA0) =6+ (i0~1)-0.5
Flig) = 10.5

Dividing 10. 5 by 4 gives an average distance forasingle run of 2. 625 miles,

10 Lesson 5: Modeling from a Sequence EUREKA
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Modeling a Situation with a Geometric Sequence
Molly is also starting a running program. She decides to increase her weekly mileage by 25% each week.

4. Molly starts by running 5 miles during the first week. Complete the table below to show her mileage each
week. Round the number of miles to the nearest hundredth.
Total miles is \

Week Total Miles for the Week increasing by a
1 = : factor of 1.25 per
5 6og week. |canuse a
3 7 81 calculator to get
more precise
g fi.;j?;’i answers, and then
Z it 7a round them to the

nearest hundredth. /

2. Write a function that models Molly’s total miles for each week as a function of the number of weeks she
has been running.

f(n) = ipitial distance{common ratio)™ ! where f () is the total number of miles for the wesk
after v weeks.

The inftigl distonce is 5 miles. The common rotio it 1,25, The function is

F(r) = 5(1.25)%1,

I need to subtract 1
from n to make the
function match the
table values.

6. How far will Molly run during the tenth week if she maintains this schedule?
During the tenth week, she will run approximately 37. 25 miles.

£(10) = 5(1.25)10-
F(10) ~ 37.25

7. Does this mileage increase seem like a realistic long-term plan? Explain your reasoning.

Student answers will vary but should state thot this is not o reclistic schedule Jor the long term. If she
rons 4 times per week, she will be running appreximately 9 mifes on eoch run.

Modeling from a Sequence i1

gumm Lesson 5:
MATH
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Modeling a Situation That is Not Arithmetic or Geometric

Mikey also started a running program. His total mileage each week is shown in the table befow,

There is a linear pattern in\

Wiek Total Milas fzor the Week the common differences.
._M_ZM__“_ _M_k__Sm*_k_b_ 5—2=3
3 10 10 - 5 - 5
4 17 17—-10=7
5 26 26—17 =9
6 37 //

8. Write a function that models Mikey’s total miles for the week as a function of the number of weeks he
has been running.

When the common differences have o linear pattern, the sequence can be modeled by o gundratic
function,

The function f(n) = n? does not work becouse f(1) = 1 gnd f(2) = 4 for this function, and the takfe
requires the function outputs 1o be 2,5 10, ete. Trythe Junction f(n) = n2 4 1,

The total miles are one greater f=17"+1=2 ]lcnee<_:i to check ,tfh.is .
than the square numbers, 1, 4, F@=22+1=5 - unction to see if it gives
9, 16, and so on. F@=3"+1=10 the correct values.

The function fF(n) = n? + 1 gives the correct volues for the rest of the table as well,

The function thot models Mikey's totol miles for each week is F) = n? + 1 where f(n}is the total
number of miles for the week after n weeks,

12 Lesson 5: Modeling from a Sequence EURE“ S
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Lesson 6: Modeling a Context from Data

Lesson Motes

Students need access to the Internet to complete the problem set for this lesson. They should research and
find three situations that resemble the functions, tables, and graphs shown below.

A linear Function
This situation is modeled by a graph that is a line. The function is of the 1447
form f(x) = ax + b where a is the slope of the line, and b is the y-
intercept of the line.

FUNCTION:  f(x) =2x+3

TABLE:
x )
] 3
1 5
2 7
3 9 ,

An Exponential Function

This situation is modeled by a curved shaped graph. The function is of
the form f(x)} = a - b* where a is the y-intercept of the graph and b is
the constant ratio of increase or decrease.

FUNCTION: fxy=3-2%

TABLE:

&)

1z
24

AU N O e I
fun

Lesson 6: Modeting a Cantext from Data i3
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A Quadratic Function

This situation is modeled by a u-shaped curve. The function is
of the form f{x) = ax® + bx + ¢. When the inputs {x-values)
increase by equal amounts, the first differences form a linear
pattern. The second differences are constant,

201

a4 22+ 15

ALGEBRA |

FUNCTION:
J{x) =—x*4+2x + 15
TABLE:
x f(x)
0 15
1 16
2 15
3 12
14 Lesson 6: Modeling a Context from Data
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Lesson 7: Modeling a2 Context from Data

lesson Notes

Students need a graphing calculator or access to web-based applications such as desmos.com to create
scatter plots and regression equations. Homework Helpers for Algebra | Module 2 Lessons 12-19 include
detailed directions for using a TI-84 graphing calculator to find regression equations. On the T1-84, the
quadratic regression equation is found by pressing STAT, selecting CALC, and then 5:QuadReg.

Students can analyze the rough patterns in the differences or ratios of consecutive terms to decide whether a
linear, exponeritial, or quadratic equation would be most appropriate.

Data Modeled by a Quadratic Equation

When police investigate the scene of an automobile accident, they can use the length of the skid mark to
estimate the speed of the cat. The resuits of experiments with a test car are shown in the table below.

Speed Skid Length
{mph) {f1) [ can make a scatter plot. Based on the scatter
10 5 ~ plot, | need to use a nonlinear equation to
20 17 1 maodel the situation. The quadratic regression
30 37 equation fits the data better than an
40 a5 expenential regression equation.
50 105
60 150

70 205 .
80 265 - qusdratic - solid

exponental - dashed

What is the best model for this data? Explain vour
reasoning.

A gundratic model mokes the most sense. The

seafter piptis dearly not negr. An exponential

model does not moke sense because there is not o

constont guotient for successive skid lengths,

17
5

37

— e 2,48
17

Skid Length ()

3.4

40 B x
Snead (mph)

Modeling 2 Context from Data
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The quadratic regression equation, with the volues of a, b, and ¢ ropnded 0 the nearest thousandth, is
flx) =0.042x% -0 018y + 0. 554, where f(x) models the skig fengih in feet of o cor traveling

X miles per hour when it hits the brakes. From the graphing cafcuiator, 2 = 0, DU9BE, which indicates
that this is o good model for the géven dota,

2. Based on your model, what is the skid length if the car is traveling 55 mph? 100 mph?
Eveluate f(55) end F{100).
F(55) ~ 1258
FUi00) ~ 416.0

I can use the regression equation stored\\
on my calculator to quickly evaluate the
function at x == 55 and x = 100. Using
the stored regression equation gives

more accurate results. If | evaluate

f(55) and f(100) using rounded vaiues
for the coefficients a, b, and ¢, then|

will get a slightly different answer. /

At 55 mph, the function oredicts o skid length of
approximotely 125 8 ft. Af 100 mph, the function
predicts a skid length of gpproximately 416.0 L

3. For this model, would it make sense to have an input value (speed) greater than 150 mph? A negative
speed?

Most cars that peaple drive for everyday use hove g maximum speed of 150 mph or less, so higher
speeds would not mpke sense, Speed is g positive quantity, se negative speeds olso do no¥ muoke sense
in this situation.

In this situation, only positive
domain values up to approximately
150 make sense.

16 Lesson 7: Medeling a Context from Data EUREM :
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Lesson 8: Modeling a Context from a Yerbal Description

pModeling with an Exponential Function from a Verbal Description

1. In humans, the half-life of caffeine, the time required by the body to metabolize half of the substance,
ranges from 4 to 6 hours. Suppose Daphne drinks a cup of coffee that contains 150 mg of caffeine.
Assume that for Daphne, the half-life of caffeine is 5 hours.

a. How much caffeine remains in her bloodstream 10 hours after she drinks the coffee?

I am goihg to
Timne Caffeine in Bloodstrepm create a table of
{hrs) {mg] values to firid the

§] 158 answer,

& 75

i | see that an exponential function
should be used to model this
situation because thereis a
constant quotient for any two
successive output values.

10 hours after drinking the coffee, 37. 5 mg of caffeine remains in her bloodstreom.

Create a formula that models the amount of caffeine, in mg, in Daphne’s bloodstream t hours after
she drinks the coffee.

Let A(E) represent the amount of caffeine in Daphne’s blopdstrecm € hours after she drinks the

coffee. s

£ e

5
A(f) = 150 (é) multiplied by % This means I need to divide t by 5.

| know that every 5 hours the amount of caffeine is

~

{ can check my formula using the values from my table.
5

A(5) = 150 @)g = 159(

10

1
2

)37'5

2

A(10) = .150@-)? =150 (%) — 375

S/

Modeling a Context from a Verbal Description
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Modeling with a Quadratic Function from a Verbal Description

2. The math club decides to make and sell t-shirts as a fund-raiser. The members of the math club estimate
that the revenue can be represented by the function R(x) = 100x ~ 0.25x2 and that the cost can be
represented by the function C(x) = 5000 4+ 20x where x is the number of t-shirts. How many t-shirts

should they make and then sell in order to vield the maximum profit? What is the maximum profit the
club can earn?

Let P(x) represent the profit if the club mokes and then sells ¥ E-shirts,

I know that profit = revenue — cost.
Plx) = R(x) - C(x) tcan use this relationship to write

P(x) = 100x — 0.25x% — (5000 + 20x) the profit function.

Plx) = —0.25x% + 80x — 5000

P(x) = -0.25(x* - 320x )~ 5000

In order to find the maximum P{x) = -0.25(x% — 320x + 25600 — 25600} ~ 5000

profit, | need to find the vertex of 5 )
the graph of y = P(x). I can P(x) = -0.25(x* — 226x + 25600) + 6400 — 5000
complete the square to rewrite P(x) = —0.25(x — 160)% + 1400

this function in vertex form.

fcan use the vertex,
(160,1400), to answer
the guestion,

When x = 160, the profit function is ot its maximum, so the
club should meke and self 160 t-shirts in order to moximize
grofit. The mexdmem profit is $1, 400,

18 Lasson 8; Madeling a Context from a Verbat Description SHREKA
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Lesson 91 Modeling a Context from a Verbal Description

An Exponential Growth Model

I 1987, a popular coffee shop began expanding to 17 locations worldwide. From 1987 to 2000, the number
of locations for this coffee shop increased by approximately 52.29% per year.

1. Create a formula that models the number of coffee shop locations t years since 1987.
Let § be the function thot models the number of coffee shops © yeors since 1987,
) = 17(1 4+ 0.522) = 17(1. 522

Since this is an example of exponential growth, | know that |
need to write a formula inthe form S(t) = a - b where a is
the initial value and b is the growth factor.

2. Using your model, complete the table below by finding the predicted number of coffee shop locations for
each year in the table.

5(8) = 17(1.522 % = 49¢

Year Predicted Number | Actual Number of
of Locations Locations
/, 1995 450 677

recall thatt

2000 3,998 3,501
represents
years since 2002 5,261 5,886
1987. So 1987
corresponds to 2006 49,697 12,440
t=0.

2013 244 221 19,767

F(13) = 17(1.522 % = 3998
S(15) = 17(1.522)%° ~ 9241
$(19) = 17(1.522)19 ~ 40597
5(26) = 17(1.522)%° ~ 940221

To find the predicted number
of locations.in 1995, | need to

evaluate 5(8).

Lesson O

Modeling @ Context from a Verbal Description
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3. Based on these values in the table, what would you say about the validity of the formula created in
Problem 1?7

Examining the table, | see that after the year
2000 the difference between the projected and
actual number of locations gels larger,

of <t <13

20 Lesson 9: Modeling a Context from a Verbal Description
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