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hat Lies Behind “Same Shape”™?

1. Let there be a dilation from center 0. Then, Dilation(P) = P', and Dilation(Q) = Q'. Examine the
drawing below. What can you determine about the scale factor of the dilation?

| remember from the fast
module that the original
points are lfabeled without
primes, and the images are
labeled with primes.

Y,

The dilotion must have o scole foctor forger thon 1,7 > 1,
since the diloted points ore forther from the center thon
the original points.

2. Letthere be a dilation from center O with a scale factor ¥ =< 2. Then, Dilation(P) = P', and
Dilation{@) = @'. {0P| = 1.7 cm, and |0Q] = 3.4 cm, as shown. Use the drawing below to answer
parts {a)and {b). The drawingis nottascale. = e '

I know that the bars around
the segment represent length.
So, |OP'] is said, “The length
of segiment OP prime.”

S {:b',f 3
L
& g{f k

R s T e _&%’-“*m We talked a'b'Qut-’-the-
SR -definition of dilatiohn in
class today. | shiould check
the Lesson Summary box to

. review the definition.
Use the definition of dilation to determine |OP'.

[OF] = r|OP|; therefore, [OP'| = 2 - (L.7) = 3.4 gnd 0P| = 3.4 om.

Use the definition of dilation to determine {0Q'|.
0@ = r|0G|; therefore, |00 =2 - (3.4) = 6.8 ond |00 = 6. B cm.

Lesson 1 What ties Behind "Same Shape”?
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3. Let there be a dilation from center  with a scale factor r. Then, Dilation(B) = B', Dilation(C) = ',
and |OB| = 10.8 cm, |0C| = 5 em, and |OB’| = 2.7 cm, as shown. Use the drawing below to answer

parts {a}—{c).

B"'\& {08 =108 om

B
ORF' =27 cm

a. Using the definition of dilation with |0B| and |0B’|, determine the scale factor of the dilation.
{08’ = r|OB|, whichmeans 2.7 =1 - {10.8), then
2.7

e = I

Since {OB'| = r|0B], then by

b. Use the definition of dilation to determine |0C'[. the multiplication property of

e
Since the scole factor, v, is é, then (00| = EEGC;; equality, os "

therefore, |OC"| ":--zv 5 =125 gnd |00 =
125 cm.

2 Lesson'l: What Lies Behind “Same Shape”? EUREK;A
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G8-M3-Lesson 2: Properties of Dilations

1. Given center O and quadrilateral ABCD, use a ruler to dilate the figure from center O by a scale factor of ‘

r =~ Label the dilated quadrilateral 4'B'C’D’,

| need to draw the rays from the
-tenter {J to .each point onthe
figure and then measure the
length from O to each point.

The figure in red below shows the dilated imoge of ABCD. Al measurements are in centimeters,

1OA] = +|0A4) {08 = r|0B] 1O’ = rioc] O] = r|oD)
04" = ;(11.2) oB=30n  jeci-lme  jopi=l@s
164"t =2.8 OB’ = 2.3 0C = 1.9 oD = 1.7

Now that | have computed
the lengths from the center
to each of the dilated points, |
can find the vertices of the
dilated figure.

Lesson 2;

Ptoperties of Difations
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2. Use a compass to dilate the figure ABC from center O, with scale factorr = 3.

\

| need to draw the rays like
before, but this time | can use
a compass to measure the
distance from the center 0 to
a point and again use the
® compass to find the length 3

] C times from the center, /

The figure in red below shows the dilated image of ABC.

a Lesson'2: Properties of Ditations EUREM
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3. Use a compass to dilate the figure ABCD from center O, with.scale factorr = 2.
a. Dilate the same figure, ABCD, from a new center, 0, with scale factor 7 == 2. Use double primes
(A"B"C"D") to distinguish this image from the eriginal.

3
&

The figure in blue, A'B'C'1Y', shows the dilotion of ABCD from center O, with scale factorr = 2.
Fhe figure in red, A"BC B, shows the dilotion af ABCD from center O with svale foctor v = 2,

Since the original
image was dilated by a
scale factor of 2 each
time, | know that the
dilated figures are
congruent.

S/

Lesson 2; Properties of Difations

© 2015 Great Minds eurelis-mathi.org
GB-M3-HWH-1.3.0-092015




h.  What rigid motion, or sequence of rigid motions, would map A”B"C""D" to A'B'C'D"?

A tronsiation along vector A7 A’ {or any vector thot connects o point of A'B"C"D” and its
corresponding point of A'B'C'D'} would map the figure A'B7C'D" 10 A'B'C'D.

The image below {with rays removed for clarity) shows the vector A"A.

o &
& #*

4. Aline segment AB undergoes a dilation. Based on today’s lesson, what is the image of the segment?

The segment dilates as o segment.

5. 2AQC measures 24°. After a dilation, what is the measure of ZA'0C"? How do you know?

The measure of LA’ 0C is 24°. Dilations preserve angle measure, so £A'0L" remains the some
megsure as 2A0C,

& Lesson Z: properties of Dilations EUREM
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§

ilations

Lesson 3: Examples of |

1. Dilate the figure from center 0 by a scale factor of r = 3. Make sure to use enough points to make a
good image of the original figure.

B

If 1 only dilate the points B, E,
and D, then the dilated figure
will look like a triangle. 1 will
need to dilate more points along
the curve BD.

gﬁz}

The dilated image is shown in red below. Severpi points are needed glong the curved portion of the
diagrom te produce an image similar to the arigingt,

Examples.of Dilations
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2. Atriangle ABC was dilated from center O by a scale factor of » = 8. What scale factor would shrink the
dilated figure back to the-original size?

A scgie factor of r = -;5 would bring the dilated figure To dilate back to its original size,
| need to use the reciprocal of

the original scale factor because

1
r-—-=1.
-

hack to its originoi size.

3. A figure has been dilated from center O by a scale factor of r = é« What scale factor would shrink the

dilated figure back to the original size?

A scule factorof v = % would bring the dilated figure back to its originoi size.

8 Lesson 3: Fxamples of Dilations Eumm
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b Fundamental Theorem of Si ilarity (FTS)

1. Inthe diagram below, points P, Q, and A have been dilated from center O by a scale factor

ofr = %on a piece of lined paper.

a.  Whatis the relationship between segments PQ and P'Q'? How do you know?

PQ and P07 are poraliel because they follow the iines on the lined poper.

b.  Whatis the relationship between segments PA and P'A
PAand P&

? How do you know?

are oiso poralie! becoyse they follow the lines on the lned poper.

ldentify twa angles whose measures are equal. How do you know?

ZOAP and 204" P’ are equal in meosure because they

are corresponding angles creoted by
pargllel lines AP gnd 4P/,

What is the relationship between the lengths of segments AQ and A'Q'? How do you know?
The length of segment A'QY will pe gﬁ the length of segment AQ). The FTS states thot the fengti of
the dilated segment is egunt to the scole

Jactor multiplied by the origingl segment leagth, or
A = riagi.

Lesson 4: Fundamental Theorem of Similarity (FT5)
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2. Reynaldo sketched the following diagram on graph paper. He dilated points F and from

center 0,
E H i t ; 1 } e
i 1 ! £ £ i A
‘j B i : £ ' 3 gt
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a. Whatis the scale factor +? Show your work.

(OB'| = r|0B|
6 =1r(3)

=7

™ oW

=7

b. Verify the scale factor with a different set of segments.

|B'C'| = r|BC]
& =7{2)

r

P o

=¥

c. Which segments are paraliel? How do you know?

Segments BC and B'C" are parallel. They are on the lines of the grid poper, which i know are
poraliel,

d. Which angles are equal in measure? How do you know?

|[£OB'C'| = 1£0BC|, and | £OC'B'| = |« QCB| because they ore corresponding angles of paroilel
jines cut by o transversal.

1D Lesson 4: Fundamental Theorem of Similarity {FTS) Eu Rﬁm
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a.  What is the scale factor r? Show yourwork,

OB =r|0B|
5= (1}
E=¢

b. FlOC| =~ 2.2, what is loc')?
[0¢’] = #joc]
@€ =~ 5(2.2)
O = 114

How does the perimeter of A OFBC compare to the perimeter of A OE'C'?
Perimeter A OBC ~ 1 + 2 + 2.2

Perimeter AOB'C ~ 54+ 104+ 11

Perimeter A OBC ~ 5.2

Perizdeter A BB'C ~ 26

d.. ‘Was the perimeter-of A OB'C” e

qual to the perimeter of A OBC mutltiplied by scale factor +?
Explain.

Yes. The perimeteraf o OB'C
because the dilotion increased
goch side of 4 OB'C was Five

was five times the perimeter of & OBL, which mokes sense

the length of each segment by o scole factor of 5. Thot meons thot
times a5 long gs eoch side af b DR,

Lesson 4:

Fundamental Theorem of similarity (F15)
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13-Lesson 5: First Consequences of FTS

1. Dilate point 4, located at (2, 4) from center 0, by a scale factorofr = % ‘What is the precise location of

H !
point A'?
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When we did this in class, | know
we started by marking a point B on
the x-axis on the same vertical line
as point A. Then we used what we
learned in the jast lesson. | should
review my classwork.

/

0B = rioB| Now | know which

OB} = 7 (2) vertical line A" will
2 fall on; it is the
g8 =7 same as where B’

is.

|4'B’| = r|4B|

| know that segment
A'R' is a dilation of
segment AB by the
same scale factor

-
|A'B'] =5 (%)

4B = 28
| T2

[A'B'l = 14 r =2, Since AB is
contained within a
vertical line, 1 can

easily determine its

length is 4 units,
N /

Therefore, A' s located at (7, 14).

12
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Dilate point 4, located at (7.5) from center 0 by a scale factor of r = &

{7,3) from center O, by a scale factor of 1 =

F
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A

. Then, dilate point B, focated at

. What are the coordmates of A" and B'? Explain.

This is just like the
last problem, but
now | have to find
coordinates for two
points. Fll need to
mark a point € on
the x-axis on the
same vertical line as
points 4 and B,

The y«mammaz'e Gj‘ point &' is the same o5 the ieng?h of A'C’, Since 1A'C ‘| =74, then

[A'C] =

point B is i‘he same a5 the length of B'C. Since |B'C = v{BL, then |B'C'| =

-B = — The location of point 4 is (

of poing B' § (3 ) or approximately (3,1.3).

b it e

T e v e s s

e cro i e

) or gpproximately (3,2, 3) The y—mofdmafe of

Bl ' S TR SO S

First-Consequences of FFS
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13-Lesson 6: Dilations on the Coordinate Plane

1. Triangle ABC is shown on-the coordinate plane below. The triangle is dilated from the origin by scale
factor r = 2. Identify the coordinates of the dilated triangle A'B’(".

The work we did in class led us to\\
the conclusion that when given a
point A(x, ¥), we can find the
coordinates of A" using the scale
: factor: A'(rx,ry). This only
works for dilations from the
origin.

\- S/

,4(—-2,71)'—} Az (-2),2-(-1)) = ﬁ‘f—& ~2)
B(~2,2) = B'(2 (~2),2-2) = B'(-4,4)
£3 1) - C(2-3,2 1) =C'(6,2)

The coordinates of the difoted triongle wilfbe A'(—4,-2), B'(—4,4), £'(6,2).

2. The figure ABCD has coordinates A(3,1), B(12,9), C(—9,3), and D(—12, —3). The figure is dilated
from the origin by a scale factorr = :,2): Identify the coordinates of the dilated figure A'B'C'D’.

A(3,1) - &' (4;4 : 3,; 1) Y (zé)
2 2
B(12,9) - B’ (g' 12,5 9) = B'(86)
€(-9,3) - ¢’ (2 (- 9) ) = '(—6,2)
D(~12,-3) = D’ (2 (—12),= (-3)> - D'(=8,-2)
(

The coordinates of the dilated figure ore 4" 2, 3) B' (8,6),C({—6, 2),ond D'(—8,-2).

14 Lesson 6: Difations on the Coordinate Plane EUREM
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G8-M3-Lesson 7: Informal Proofs of Properties of Dilation

1. Adilation from center O by scale factor r of an angle maps to what? Verify your claim on the coordinate
plane,

The dilation of on angle mops to on angle.

/,,g

B

™ |

To verify, | can choose any three
points to create the angle and f ‘
any scale factor. |¢an use what 1 i
learned in the last lesson tofind : {
the coordinates of the dilated
points.

J/

tesson 7: Informal Proofs. of Properties-of Dilation:
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2.

Prove the theorem: A dilation maps rays to rays.

Let there be a dilation from center O with scale factor r so that P’ = Dilation(P) and Q' = Dilation(Q).
Show that ray PQ maps to ray P'Q’ (i.e,, that dilations map rays to rays). Using the diagram, answer the
questions that foltow, and then informally prove the theorem. (Hint: This proof is a fot like the proof for
segments. This time, let U be a pointon line PQ that is not between points Pand @)

O

* -

a. Uisapointon 13“6 By definition of dilation what is the name of Dilation(U)?

By the definition of dilation, we know thot U " = Dilation(V).

ier|

b. By the definition of dilation we know that ToFl = r. What other two ratios are also equal to r?
. S logf o’
By the definition of dilation, we know thaf-%%% = %5'6";“& = 7.

c. By FTS, what do we know about line PQ and line PQ?

By FTS, we know thet line PQ and line P'Q’ ore parailel.

d.  What does FTS tell us about line QU and line Q°U"?
By FTS, we know that line QU and line Q'U " are porgliel.

e. What conclusion can be drawn about the line that contains PQ and the line Q'U’"?

7

The fine that contains P is poraiiel to 5‘@’, Becouse Q'U' is contained in the line P’

tesson 7: informal Proofs of Properties of Dilation Euum
MATH
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. Informally prove that P'Q’ is a dilation of PQ.

Using the information from parts fal-{e}, we know that Ui is g point on 55?@4 We alsg know that the

line that contains P is poraliel to line Q'U. But we girewdy know that E?Q is pargiie! to Py,
Since there con only be one line that posses through ' that is paraliel to P, then the line thot

containg ?é‘" and line QU must coincide. Thor pitrces the dilation of point U, 1V, on P’?}’, wiich
proves thot diletions map rays to rays.

e A A A R A AR AL SRR R 220 Y

Informal Proofs. of Properties of Dilation
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{n the picture below, we have a triangle ABC that has been dilated from center O by scale factor

1.

r = 3. Itis noted by A’B'C’. We also have a triangle A”B''C"', which is congruent to triangle A'B'C’ (i.e.,

a A”B"C"). Describe the sequence of a dilation, followed by a congruence {(of onie or more
rigid motions), that would map triangle A” B"C'" onto triangle ABC.
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First, we must dilate triangle A"’ B"'C"' from center O by scale factor

to shrink it to the size of triangle ABC. | will note this triangle

1

3
as A”'B"'C’"". Once | have the triangle to the right size, | can

i

translate the dilated triangle, A”'B"'€'", up one unit and to the left

\\three units.
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2. Triangle ABC is similar to triangle A'B'C’ {i.e., A ABC ~ A A'B'C’). Prove the similarity by describing a
sequence that would map triangle 4A’B'C’ onto triangle ABC.

| can check the ratios
of the corresponding
sides to see if they are
the same proportion
and equal to the same
scale factor.

The scale foctor that would magnify triengle A'B'C’ to the size of trinngle ABCisr = 4
3

Once the triangle A'B'C’ is
the same size as triangle
ABC, | can describe a
congruence to map triangle
A'B'C' onto triangle ABC.

Sample description:
The sequence that would prove the similarity of the triangles is o
difation from a center by o scale factor of v = %, followed by a

translation olong vector :Z:T"fiéf, ond finally, o rotation about point A.

20 Lesson 8: Simitarity Eumm
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sic Properties of Similarity

1. Inthe diagram below, A ABC ~ A A'B'C” and AABC ~ A A"BC

s A ABC ~ A A"B"C'"? f so,
describe the dilation followed by the congruence that demonstrates th

e similarity.

oy W S N N

First 1 need to dilate A ABC to ‘\ Bl
the same size as A A" B”€", A

dilation from the origin by r == 2 : N
will make them the same size. B e B Bt

Then | can describe congruerice
to map the dilated image onto ;
AAYBCN ~36H

o J/

Yes, A ABC~ A A"B"C" becoyse similgrity is tronsitive, Since ™
vIAB| = [A"B"|, |AB| = 2, and |A"B"| = 4, thenv - 2 = 4. Therefore, | remember that
= 2. Then, a dilation from the origin by scafe foctort = 2 makes A when | have to

ABC the same sive as A A7 B0 Tronslate the dilated imege of A
ABC, A AB™C 12 units 1o the right and 3 units up to mop O 1o
€7, Next, rotote the difored Imtige about point £, 90 degrees
dlockwise. Finglly, reflect the rototed image across line VR, The
sequence of the difetion and the Langruence map A ABLC onio A
AR, demonstrating the similority.

translate an image,
it is best to-do it so
that corresponding
points, like £ and
&V, coincide,

Lesson 9;

Basic Propetties of Similarity
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13-Lesson 10: Informal Proof of AA Criterion for Similarity

1. Are the triangles shown below similar? Present an informal argument as to why they are or are not

similar,

All'l need for two triangles
to be similar is for two.
corresponding angles to be
equal in measure.

Yes, n ABC ~ A A'B'C. They are similar becouse they have two pairs of corresponding angles thot are
equal in meosure, namely, |24} = [£A'| = 184°, and |£C) = | 207} = 51°,

2. Are the triangles shown below similar? Present an informal argument as to why they are or are not

similar.

| can see that | have only
one pair of corresponding
angles, 2C and ', that.
are egual in measure.

22 Lesson 10; informal Proof of AA Critefion for Similarity EURE“
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Are the triangles shown below similar? Present an informa

l'argument as to why they are or are hot
similar,

i can use the triangle surm theorem
to find the measure of 2B’.

We do not know if A ABC is similor to A A'B'C, We can use the trigngie sum theorem to find out they

|£B'| = 78, but we do not bove any information obout |2 4| or |2C), To be considered similar, the two
triangles must hove two pairsof corresponding arigles that ore egual in megsure. in this problem, we
aniy know the measures of one pair of torresponding ongles,

Lesson 1o: Informal Proof of AA Criterion for Simitarity
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GB-M

3-lesson 11: More About Similar Triangles

1. Inthe diagram below, you have A ABC and A A'B’C’. Use this information to answer parts (aj~{b}.

(A =

\

I don't have enough
information to use the
AAcriterion. | need to
check the ratios of
corresponding sides to
see if they are equal.

N BC

AC) = 6.37

S/

a. Based on the information given, is A ABC ~ A A’B'C'? Explain.

Yes, A ABC ~ A A'B'C. Since there is only information about one pair of corresponding angles
being equal in measure, then the corresponding sides must be checked 1o see if their ratios are
eqgual,

8755 .. =0.755 ..

After | set up
the ratio, |
need to find
the value of
x that makes
the fractions

Since the volues of these ratios are equal, approximotely 0. 755, the
tricngles are similor.

b. Assumethe length of side AB is 4.03. What is the length of side A'B'?

Let x represent the length of side A'B’. equivalent.

x _ 37
403 4.81

We are focking for the volue of x thut makes the fractions equivaient. Therefore,
4.81x = 14.911, and x = 3.1, The fength of side A'B is 3. 1.

24 Lesson 11: More About Simitar Triangles EUM“
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2. Inthe diagram below, you have A ABC and A A'BC. Béased on the information given, is
AABC ~ A A'BC'? Explain.

I need to check the
ratios of at least two
sets of corresponding
sides.

AR =92

//Although lines AC and
A'C' look like they
might be parallel, |
don’t know for sure,
if they were parallel
lines, f would have
more information b
about corresponding
angles of parallel

. /

RO = 4.4

Since both trigngles hove o conimion vertex, then |£B| = |2 B|. This means thot the measure af nB in
& ABC is equalto the megsure of 2B in o AR, However, there Is not enough Information provided
o determing if the triangles ore similor. We would nesd information obott o pair of corresponding
angles or more informution about the side lengths of each of the trigngles.

Lesson 11: Muore About Similar Triangles
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GE-M3-Lesson 12:

lodeling Using Similarity

1. There is a statue of your school’s mascot in front of your school. You want to find out how tall the statue
is, but it is too tall to measure directly. The following diagram represents the situation.

/E; the height of the statue\\\

.y and | are measured at a
E 307 angle with the

: ground, then | can explain

why triangles are similar.

if they are not, | do not

have enough information
_ to determine if the
\ triangles are simifar.

Describe the triangles in the situation, and explain how you know whether or not they are similar.

There ore two triongles in the diagram, one formed by the stotue and the shadow it casts, n EDC, and
gnother formed by the person and his shadow, A BAC. The triengles are similar if the height of the
statue is measured ot o 90° ongle with the ground and if the person standing forms a 90° angle with
the ground. We know that £ACB is an angle common to both triangles. If |£EDC} = {LBAC| = 90°,
then » EDC ~ A BAC by the AA criterion.

2. Assume A EDC ~ A BAC. If the statue casts a shadow 18 feet long and you are 5 feet tall and cast 3
shadow of 7 feet, find the height of the statue.

Let x represent the height of the statue; then Since | know the
triangles are similar,

ET T | can set up a ratio of

We are looking for the value of x thot makes the fractions em\\w"emmding sides.

Therefore, 7x = 90, and x = 3?. The stotue is obout 13 feet tall.

x I8
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